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What this course is all about

• Introduce you to the basic
principles of regression
analysis.

• Apply theoretical concepts to
‘real life’ examples using
Stata.

• Give you tools to understand,
appraise and conduct studies
on development issues.
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A few organisational matters

• Course consists of a set of lectures and tutorials.

• Lectures: Theory
Tuesdays, 12-14h

• Tutorials: Practise
Wednesdays, 8-10h, WiWi 030

• Course material, i.e. slides and exercises will be uploaded in
StudIP on Fridays prior to the respective sessions.

• THE Book: Introductory Econometrics: A Modern Approach
by J.M. Wooldridge

• Grade: Exam (2h) at the end of the semester
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Introduction
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What is econometrics and why study it?

• Use of statistical methods to estimate economic relationships,
test economic theories and evaluate policies and programmes.

Example: What is the effect of fertilizer on maize yields?

• Rare in economics to have experimental data (even though it is
increasing).

• Use non-experimental data to make inferences.

• Theory may be ambiguous as to the effect of a programme or
policy change
⇒ can use econometrics to evaluate the programme.
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Types of data

1. Cross-sectional data

• Cross-sectional data is a random sample.

• Each observation is a new individual, firm, etc. with information at
a point in time.

• If the data is not a random sample, we may have a
sample-selection problem.

• Pooled cross-sectional data combines two or more
cross-sectional data sets from different points in time.
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Types of data (cont.)

2. Time series data

• Time series data consists of a separate observation for each time
period, e.g. share prices.

• Not a random sample and therefore different problems to
consider.

• Trends and seasonality are important.
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Types of data (cont.)

3. Panel or longitudinal data

• Have repeated measurements, i.e. follow the same random
individual observations over time.

• More difficult and costly to obtain.

• Valuable because they allow to study lags in behaviour and the
results of individual decision making.
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The question of causality

• Simply establishing a relationship between variables is rarely
sufficient.

• Need the effect to be considered causal.

• If we’ve truly controlled for all other effects, then the estimated
ceteris paribus effect can be considered to be causal.

• Can be difficult to establish causality.
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Example: Returns to education

A model of human capital investment implies getting more education
should lead to higher earnings. In the simplest case:

Earning = β0 + β1Education + u (1)

• The estimates of β1 is the return to education, but can it be
considered causal?

• Note, that the error term, u, includes all other factors affecting
earnings: Can we ‘control’ for them this way? What if some of
them are related to education?
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The Simple Regression Model
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The simple regression model

Study the relationship between 2 variables.

y = β0 + β1x + u (2)

y

• dependent variable

• left hand variable

• regressand

• outcome variable

x

• independent variable

• control variable

• regressor

• explanatory variable

• covariate
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Functional relationship

If u is held fixed, i.e. ∆u = 0, then x has a linear effect on y .

∆y = β1∆x (3)

Assumption:
The average value of u, the error term, in the population is 0.

E(u) = 0. (4)

This is not a restrictive assumption, since we always use β0 to
normalize E(u) to 0.
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Zero conditional mean assumption

We need to make a crucial assumption about how u and x are related.

We want it to be the case that knowing something about x does not
give us any information about u, so that they are completely (here
linear is sufficient) unrelated. That is, that

E(u|x) = E(u) (5)

with

E(u) = 0⇒ E(u|x) = 0. (6)

Example: u is land quality. E(u|x) = E(u) = 0 means that land quality
is the same no matter how much fertilizer we use.
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Zero conditional mean assumption (cont.)

Thus, the conditional mean assumption means:

E(y |x) = β0 + β1x (7)

Tells us how much the average value of y changes when one unit of x
changes.

See: E(y |x) as a linear function of x , where for any x the distribution
of y is centred about E(y |x).
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Ordinary Least Squares (OLS)

The idea of a regression is to estimate population parameters from a
sample.

• Let (xi ,yi) : i = 1, ...,n denote a random sample of size n from
the population of interest;

• for each observation in this sample it will be the case that

yi = β0 + β1xi + ui . (8)
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Ordinary Least Squares (OLS) (cont.)

So, we can derive a regression line, sample data points and the
associated error terms.
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Deriving OLS estimates

To derive the OLS estimates we need to realize that our main
assumption of E(u|x) = E(u) = 0 also implies that

Cov(x ,u) = E(xu)−E(x)E(u) = 0. (9)

We can write our two restrictions just in terms of x , y , β0 and β1, since
u = y−β0−β1x

E(y−β0−β1x) = 0 (10)

E[x(y−β0−β1x)] = 0 (11)

These are called moment restrictions.
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Deriving OLS estimates (cont.)

The method of moments approach to estimation implies imposing the
population moment restrictions on the sample moments.

We want to choose values of the parameters that will ensure that the
sample versions of our moment restrictions are true.

What does this mean? Recall that for E(X), the mean of a population
distribution, a sample estimator of E(X) is simply the arithmetic mean
of the sample.
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Deriving OLS estimates (cont.)

Recall law of large numbers, i.e. 1
n ∑

n
i=1 xi = x̄ → E[X ].

So the sample equivalent of the moment restrictions are:

n−1
n

∑
i=1

(yi − β̂0− β̂1xi) = 0 (12)

n−1
n

∑
i=1

xi(yi − β̂0− β̂1xi) = 0 (13)

Given the definition of a sample mean, and properties of summation,
we can rewrite the first condition as follows

ȳ = β̂0 + β̂1x̄ (14)

or,
β̂0 = ȳ− β̂1x̄ (15)
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Deriving OLS estimates (cont.)

Plugging (15) into (13) (note: we drop n−1), we get

∑
n
i=1 xi [yi − (ȳ− β̂1x̄)− β̂1xi ] = 0

and can rearrange it to derive

∑
n
i=1(xi − x̄)(yi − ȳ) = β̂1 ∑

n
i=1(xi − x̄)2

Provided that

n

∑
i=1

(xi − x̄)2 > 0 (16)

the slope estimate is

β̂1 =
∑

n
i=1(xi − x̄)(yi − ȳ)

∑
n
i=1(xi − x̄)2 (17)
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Summary: OLS estimates

• The intercept, β̂0, is (ȳ− β̂1x̄).

• The slope estimate, β̂1, is the sample covariance between x and
y divided by the sample variance of x .

• If x and y are positively correlated, the slope will be positive.

• If x and y are negatively correlated, the slope will be negative.

• To derive estimates, need x to vary in our sample.
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A few more things about OLS

• Intuitively, OLS is fitting a line through the sample points such that
the sum of squared residuals is as small as possible, hence the
term ‘least squares’.

• The residual û, is an estimate of the error term u, and is the
difference between the fitted line and the sample point.
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Alternative approach to derivation

We want to choose our parameters such that we minimize the
sum of squared residuals, i.e. the unexplained variance:

n

∑
i=1

û2
i =

n

∑
i=1

(yi − β̂0− β̂1xi)
2 (18)

If we solve the minimization problem for the two parameters you obtain
the following first order conditions, which are the same as before,
multiplied by n.

n

∑
i=1

(yi − β̂0− β̂1xi) = 0 (19)

n

∑
i=1

xi(yi − β̂0− β̂1xi) = 0 (20)
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Algebraic properties of OLS

• The sum of the OLS residuals is zero, and thus the sample
average of the OLS residuals is zero as well

n

∑
i=1

ûi = 0 ⇒ ∑
n
i=1 ûi

n
= 0 (21)

• The sample covariance between the regressors and the OLS
residuals is zero

n

∑
i=1

xi ûi = 0 (22)

• The OLS regression line always goes through the mean of the
sample

ȳ = β̂0 + β̂1x̄ (23)
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A few more terms

Think of each observation as being made up of an explained part and
an unexplained part, yi = ŷi + ûi . We then define

• ∑
n
i=1(yi − ȳ)2 is the total sum of squares; (SST)

• ∑
n
i=1(ŷi − ȳ)2 is the explained sum of squares (SSE);

• ∑
n
i=1 û2

i is the residual sum of squares (SSR);

which gives us SST = SSE + SSR.

Proof:

∑(yi − ȳ)2 =∑[(yi − ŷi) + (ŷi − ȳi)]2

=∑[ûi + (ŷi − ȳ)]2

=∑ û2
i + 2∑ ûi(ŷi − ȳ) +∑(ŷi − ȳ)2

=SSR + 2∑ ûi(ŷi − ȳ) + SSE

(24)
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Goodness-of-fit

How do we think about how well our sample regression line fits our
sample data?

We compute the fraction of the total sum of squares (SST) that is
explained by the model.

R2 =
SSE
SST

= 1− SSR
SST

(25)

Interpretation:
R2 x 100 = percentage of sample variation explained by x.

Question:
What should the value of R2 be, ideally?
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Unbiasedness of OLS

Assumptions:

• The population model is linear in parameters, i.e.
Y = β0 + β1x + u.

• We have a random sample of size n, (xi ,yi) : i = 1,2, ...,n, from
the population model.

• E(u|x) = 0 and thus E(ui |xi) = 0.

• There is variation in the xi .

In order to think about unbiasedness, we need to rewrite our estimator
in terms of the population parameter. Start by

β̂1 =
∑

n
i=1(xi − x̄)yi

SSDx
(26)

SSDx (Sum of squared deviation)= ∑
n
i=1(xi − x̄)2
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Unbiasedness of OLS

β̂1 =
∑(xi − x̄)yi

SSDx
=

∑(xi − x̄)(β0 + β1xi + ui)

SSDx

=
β0 ∑(xi − x̄) + β1 ∑(xi − x̄)xi + ∑(xi − x̄)ui

SSDx

=
β1 ∑(xi − x̄)xi + ∑(xi − x̄)ui

SSDx

= β1 +
∑(xi − x̄)ui

SSDx

(27)

Note:
∑(xi − x̄)xi = ∑(xi − x̄)2 = SSDx .
If x and u are uncorrelated⇒ ∑(xi − x̄)ui = 0

β̂1 = β1 +
1

SSDx
∑(xi − x̄)ui ⇒ E[β̂1] = β1 (28)
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Summary: Unbiasedness

• The OLS estimates of β1 and β0 are unbiased.

• Proof of unbiasedness depends on our 4 assumptions
→ if any assumption fails, then the OLS is not necessarily
unbiased.

• Remember unbiasedness is a description of the estimator - in a
given sample we may be close or far from the true parameter.

• In econometrics, much emphasis is given to unbiasedness (being
considered at the heart of identification).
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Variance of the OLS estimators

We know now that the sampling distribution of our estimate is centred
around the true parameter.

We want to think about how spread out this distribution is.

It is easier to think about this variance under the additional
assumption, i.e. Var(u|x) = σ2 → homoscedasticity.

Var(u|x) = E(u2|x)− [E(u|x)]2

E(u|x) = 0, so σ2 = E(u2|x) = E(u2) = Var(u)

σ2 is the unconditional variance of u, also called the error variance,
and σ the standard deviation of the error.
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Variance of the OLS estimators (cont.)

Thus, we can say

E(y |x) = β0 + β1x and Var(y |x) = σ2.

Question:
Complete the sentence:

The larger σ, the ... is the distribution of ... affecting y .
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Variance of the OLS estimators (cont.)
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Homoscedasticity vs. Heteroscedasticity
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Variance of OLS estimator

di = (xi − x̄)

Var(β̂1) = Var(β1 +
1

SSDx
∑diui) = (

1
SSDx

)2Var(∑diui)

= (
1

SSDx
)2

∑d2
i σ

2 = σ
2(

1
SSDx

)2
∑d2

i =
σ2

SSDx

(29)

Summary: Variance of OLS estimator

• The larger the error variance, σ2, the larger the variance of the
slope estimate

• The larger the variability of the xi , the smaller Var [β̂1]

• A larger sample size should decrease the variance of the slope
estimate
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Estimating the Error Variance

We don’t observe the errors, ui , so we don’t know what the error
variance, σ2, is.

What we observe are the residuals, ûi .

We can use the residuals to form an estimate of the error variance.

ûi = yi − β̂0− β̂1xi = (β̂0 + β̂1xi + ui)− β̂0− β̂1xi

= ui − (β̂0−β0)− (β̂1−β1)xi

(30)

Then, an unbiased estimator of σ2 is

σ̂2 =
1

n−2 ∑ û2
i =

SSR
n−2

(31)
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Review questions

Let kids denote the number of children ever born to a women, and let
educ denote years of education of the women. A simple model relating
fertility and education is

kids = β0 + β1educ + u

1 What kind of factors are contained in u? Are these likely to be
correlated with the level of education?

2 Will the simple regression analysis uncover the c.p. effect of
education on fertility? Explain.

3 Write down the regression function you would estimate.

4 The regression analysis returns the following parameters:
β̂0 = 5.38; β̂1 = 0.47; and R2 = 0.034. How do you interpret
these parameters?

5 Is β̂1 unbiased? Explain why/why not?
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Multiple Regression Analysis
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Multiple regression analysis

• Extension of the simple regression model.
• General form:

y = β0 + β1x1 + β2x2 + β3x3 + ...+ βk xk + u (1)

Parallels with simple regression

• β0 is still the intercept.

• β1 to βk are all called slope parameters.

• u is still the error term.

• Still need the zero conditional mean assumption, which now is
E(u|x1,x2, ...,xk ) = 0.

• Still minimizing the sum of squared residuals, now with k+1 first
order conditions.
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A graphic representation
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Interpreting multiple regression

Since we have a linear, additive model

ŷ = β̂0 + β̂1x1 + β̂2x2 + β̂3x3 + ...+ β̂k xk (2)

we have

∆ŷ = β̂1∆x1 + β̂2∆x2 + β̂3∆x3 + ...+ β̂k ∆xk (3)

So, holding x2, ...,xk fixed implies that

∆ŷ = β̂1∆x1 (4)

i.e. each β̂ has a ceteris paribus interpretation.
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Simple vs. multiple regression estimates

Simple regression: ỹ = β̃0 + β̃1x1

Multiple regression:
ŷ = β̂0 + β̂1x1 + β̂2x2

Generally, β̃1 6= β̂1 unless:

• β̂2 = 0, i.e. there is no partial effect of x2 on ŷ ; or

• x1 and x2 are uncorrelated in the sample.
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Goodness-of-fit

Again, we can think of each observation as being made up of an
explained part and an unexplained part, i.e. yi = ŷi + ûi

Remember:

• ∑
n
i=1(yi − ȳ)2 is the total sum of squares; (SST)

• ∑
n
i=1(ŷi − ȳ)2 is the explained sum of squares (SSE);

• ∑
n
i=1 û2

i is the residual sum of squares (SSR);

and we already saw that, SST = SSE + SSR.

Question:
What was the measure again that we use to say something about how
well the regression line fits the data?
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i is the residual sum of squares (SSR);

and we already saw that, SST = SSE + SSR.

Question:
What was the measure again that we use to say something about how
well the regression line fits the data?

Introduction to Quantitative Methods for Development Renate Hartwig, PhD



R-squared

We can compute the fraction of the total sum of squares (SST) that is
explained by the model, i.e.

R2 =
SSE
SST

= 1− SSR
SST

(5)

with 0≤ R2 ≤ 1.

Alternatively, can also think of R2 as being equal to the squared
correlation coefficient between the actual yi and ŷi :

R2 =
[∑(yi − ȳ)(ŷi − ¯̂y)]2

[∑(yi − ȳ)2][∑(ŷi − ¯̂y)2]
(6)
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R-squared (cont.)

A few things about the R2 to bear in mind:

• R2 can never decrease when another independent variable is
added to a regression, and usually will increase.

• Because R2 will usually increase with the number of independent
variables, it is not a good way to compare models.
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Assumptions for unbiasedness

1 The population model is linear in parameters, i.e.

ŷ = β̂0 + β̂1x1 + β̂2x2 + β̂3x3 + ...+ β̂k xk + u

2 We have a random sample of size n,
(xi1,xi2, ...,xik ,yi) : i = 1,2, ...,n from the population model, so
that the sample model is

yi = β0 + β1xi1 + β2xi2 + ...+ βk xik + ui

3 E(u|x1,x2, ...,xk ) = 0→ zero conditional mean: implies that all
explanatory variables are exogenous.

4 No perfect collinearity, i.e. none of the xes are constant and there
are no exact linear relationships among them.
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Too many or too few variables?

What happens if we include variables in our specification that don’t
belong there?

⇒ There is no effect on the parameter estimates, i.e. the β̂s remain
unbiased.

What if we exclude a variable from our specification that does belong?

⇒ The OLS will be biased if the omitted variables are (cor)related
with the included covariates.
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Example

You are interested in measuring the relationship between fertilizer and
land quality.

What would your specification look like?
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Omitted variable bias

Suppose the true model is y = β0 + β1x1 + β2x2 + u.

But, we estimate y = β̃0 + β̃1x1 + u

⇒ β̃1 =
∑(xi1− x̄1)yi

∑(xi1− x̄1)2 (7)

Recall, that the true model is y = β0 + β1x1 + β2x2 + u, so that

β̃1 =
∑(xi1− x̄1)(β0 + β1xi1 + β2xi2 + ui)

∑(xi1− x̄1)2

=
β1 ∑(xi1− x̄1)xi1 + β2 ∑(xi1− x̄1)xi2 + ∑(xi1− x̄1)ui

∑(xi1− x̄1)2

= β1 + β2
∑(xi1− x̄1)xi2

∑(xi1− x̄1)2 +
∑(xi1− x̄1)ui

∑(xi1− x̄1)2

(8)
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Omitted variable bias (cont.)

Taking the expectation yields

E(β̃1) = β1 + β2
∑(xi1− x̄1)xi2

∑(xi1− x̄1)2 (9)

Consider the regression of x2 on x1

x̃2 = δ̃0 + δ̃1x1 (10)

then

δ̃1 =
∑(xi1− x̄1)xi2

∑(xi1− x̄1)2 (11)

So,

E(β̃1) = β1 + β2δ̃1 (12)
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The direction of the bias

Corr(x1,x2) > 0 Corr(x1,x2) < 0

β2 > 0 Positive bias Negative bias
β2 > 0 Negative bias Positive bias
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Summary: Omitted variable bias

• There are 2 cases where the bias is zero.
• β2 = 0, that is x2 doesn’t really belong in the model.
• x1 and x2 are uncorrelated in the sample.

• If the correlation between (x2,x1) and (x2,y) is in the same
direction, the bias will be positive.

• If the correlation between (x2,x1) and (x2,y) is in opposite
directions, the bias will be negative.

• Unfortunately, for k > 2 these relations become much more
complex, such that general statements are not possible any more.

The more general case

• Technically, we can only put a sign on the bias for the more
general case if all of the included xes are uncorrelated.

• Typically, we work through the bias assuming the xes are
uncorrelated, as a useful guide even if this assumption is not
strictly true.
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Variance of the OLS estimates

Now, that we know that the sampling distribution of our estimates is
centred around the true parameter, we want to think about how spread
out this distribution is.

It is easier to think about this variance under the additional assumption
of homoskedasticity, i.e.

Var(u|x1,x2, ...,xk ) = σ2

Let x stand for (x1,x2, ...,xk )

Assuming that Var(u|x) = σ2 also implies that Var(y |x) = σ2.

⇒ The homoskedasticity assumption and the 4 assumptions for
unbiasedness are known as the Gauss-Markov assumptions.
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Variance of the OLS estimates (cont.)

Given the Gauss-Makrov assumptions

Var(β̂j) =
σ2

SSTj(1−R2
j )

(13)

where SSTj = ∑
n
i=1(xij − x̂j)

2 and R2
j is the R2 from regressing xj on

all other xes.

Components of the OLS variances

• The error variance: a larger σ2 implies a larger variance for the
OLS estimators.

• The total sample variation: a larger SSTj implies a smaller
variance for the estimators.

• Linear relationships among the independent variables: a larger
R2

j implies are larger variance for the estimators.
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Misspecified models

Consider again the misspecified model

ỹ = β̃0 + β̃1x1 (14)

so that Var(β̃1) = σ2

SST1
.

Thus, Var(β̃1) < Var(β̂1) unless x1 and x2 are uncorrelated, then they
are the same.

• While the variance of the estimator is smaller for the misspecified
model, unless β2 = 0 the misspecified model is biased.

• As the sample grows, the variance of each estimator shrinks to
zero, making the variance difference less important.
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Estimating the error variance

We don’t know what the error variance, σ2, is, because we don’t
observe the errors, ui .

What we observe are the residuals, ûi .

We can use the residuals to form an estimate of the error variance

σ̂
2 =

∑ û2
i

n− k−1
=

SSR
df

(15)

Thus,

se(β̂j) =
σ̂√

SSTj(1−R2
j )

(16)

where df = n− (k + 1) = n− k−1 (i.e. degrees of freedom) is the
number of observations minus the number of estimated parameters.
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The Gauss-Markov theorem

Given the 5 Gauss-Markov assumptions, it can be shown that OLS is
BLUE:

• Best (the one with the smallest variance)

• Linear

• Unbiased

• Estimator(s)

⇒ If the assumptions hold, use OLS!

Introduction to Quantitative Methods for Development Renate Hartwig, PhD



Review questions

1 List the Gauss-Markov assumptions.

2 Explain in your own words what unbiasedness means.
3 Which of the following can cause OLS estimators to be biased?

(a) Heteroskedasticity
(b) Omitting an important variable
(c) A sample correlation coefficient of 0.95 between two independent

variables included in the model

4 Suppose that average worker productivity at manufacturing firms
(avgprod) depends on two factors, average hours of training
(avgtrain) and average worker ability (avgabil) i.e.

avgprod = β0 + β1avgtrain + β2avgabil + u
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Review questions (cont.)

Assume that this equation satisfies the Gauss-Markov assumptions. If
grants have been given to firms whose workers have less than
average ability, so that avgtrain and avgabil are negatively correlated,
what is the likely bias in β̃1 obtained from the simple regression of
avgprod and avgtrain?
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Multiple Regression Analysis:
Inference
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Assumptions of the Classical Linear Model (CLM)

So far, we know that given the Gauss-Markov assumptions, OLS is
BLUE.
To do hypothesis testing we need to make one more assumption:

• u is independent of x1,x2, ...,xk and u is normally distributed with
zero mean and variance σ2 : u ∼ Normal(0,σ2)

⇒ Under CLM, OLS is not only BLUE but is also the minimum
variance unbiased estimator.

Summary of the population assumptions of CLM

• y | x ∼ Normal(β0 +β1x1 + ...+βk xk ,σ
2)

• For now we assume normality (clear that this is not the case
sometimes). Large samples will let us drop normality.
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The homoskedastic normal distribution with a single
explanatory variable
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Normal sampling distributions

Under the CLM assumptions, conditional on the sample values of the
independent variables

β̂j ∼ Normal[βj ,var(β̂j)] (1)

so that

(β̂j −βj)

sd(β̂j)
∼ Normal(0,1) (2)

β̂j is distributed normally because it is a linear combination of the
errors.
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The t-test

Under the CML assumptions

β̂j −βj

se(β̂j)
∼ tn−k−1 (3)

Note, this is a t-distribution, because we have to estimate σ2.

• Knowing the sampling distribution for the standardized estimator
allows us to carry out hypothesis tests.

• Example: The null hypothesis H0 : βj = 0.

• Accepting the null means that xj has no effect on y , controlling for
other xes.
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The t-test (cont.)

To perform the t-test we need to determine the t-statistic for β̂j

t
β̂j
=

β̂j

se(β̂j)
(4)

We will use the t-statistic together with the rejection rule to determine
whether to accept the null hypothesis, H0, or not.
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One- or two-sided alternatives

• Besides the null, H0, we need an alternative hypothesis, H1 and a
significance level.

• H1 may be one- or two-sided

• One-sided: H1 : βj > 0 or H1 : βj < 0

• If we want to have only a 5% probability of rejecting H0 when it is
really true, then we say our significance level is 5%.

• Given a significance level, α, we look up the (1−α)th percentile
in a t-distribution with n− k−1 degrees of freedom and call this,
c, the critical value.

• We reject the null hypothesis if the t-statistic is greater than the
critical value.

• Is the t-statistic smaller then the critical value, then we fail to
reject the null.
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One- or two-sided alternatives (cont.)

yi = β0 +β1xi1 + ...+βk xik +ui

H0 : βj = 0

H1 : βj > 0
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One- or two-sided alternatives (cont.)

• Because the t-distribution is symmetric, testing
H1 : βj < 0
is straightforward. The critical value is just the negative of before.

• We reject the null if the t-statistic is smaller −c.

• If the t-statistic is larger −c, we fail to reject the null.

• For a two-sided test, we set the critical value based on α

2 and
reject the
H1 : βj 6= 0
if the absolute value of the t-statistic > c.

Introduction to Quantitative Methods for Development Renate Hartwig, PhD



One- or two-sided alternatives (cont.)

yi = β0 +β1xi1 + ...+βk xik +ui

H0 : βj = 0

H1 : βj 6= 0
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Summary: H0 : βj = 0

• Unless stated otherwise, the alternative is assumed to be
two-sided.

• If we reject the null, we typically say ‘xj is statistically significant at
the α% level’.

• If we fail to reject the null, we typically say ‘xj is statistically
insignificant at the α% level’
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Example

Table: Explaining wages in India

R-squared 0.34

wage Coef. Std. Err. t P > t 95% Conf. Intervall
age 4.97 0.61

education 43.43 28.42
gender 68.54 38.20

cons -124.79 27.58
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Testing other hypotheses

A more general form of the t-statistic recognizes that we may want to
test something like H0 : βj = aj

In this case, the appropriate t-statistic is

t =
(β̂j −aj)

se(β̂j)
(5)

with aj = 0 for the standard test.
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Confidence intervals

Another way to use classical testing is to construct a confidence
interval using the same critical value as for a two-sided test.

A (1−α)% confidence interval is defined as

[β̂j − c ∗ se(β̂j); β̂j + c ∗ se(β̂j)] (6)

where c is the 1− α

2 percentile in a tn−k−1 distribution.

We say that there is a chance of (1−α)% that this interval contains
the true value βj .
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Example

Table: Explaining wages in India

R-squared 0.34

wage Coef. Std. Err. t P > t 95% Conf. Intervall
age 4.97 0.61

education 43.43 28.42
gender 68.54 38.20

cons -124.79 27.58

Introduction to Quantitative Methods for Development Renate Hartwig, PhD



Computing p-values for the t-tests

• An alternative to the classical approach is to ask, ‘what is the
smallest significance level at which the null can be rejected?’

• So, compute the t-statistic, and then look up what percentile it is
in the appropriate t-distribution⇒ this is the p-value.

• p-value is the probability that we would observe the t-statistic we
did, if the null were true.
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Economic vs. statistical significance

What is what?

Why does it matter?
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Testing a linear combination

Suppose instead of testing whether β1 is equal to a constant, you want
to test if it is equal to another parameter, that is
H0 : β1 = β2

We use the same procedure for the t-statistic

t =
(β̂1− β̂2)

se(β̂1− β̂2)
(7)

Since

se(β̂1− β̂2) =

√
Var(β̂1− β̂2)

=

√
Var(β̂1)+Var(β̂2)−2Cov(β̂1, β̂2)

=

√
[se(β̂1)]2 +[se(β̂2)]2−2s12

(8)
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Testing a linear combination (cont.)

• Note: s12 is an estimate of Cov(β̂1, β̂2).

• To use the formula, we need s12 which is not standard in many
statistical packages.

• In Stata: after
reg y x1 x2 ... xk ,

type

test = x1 = x2

to get the p-value for the test.
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Multiple linear restrictions

Everything we have done so far has involved testing a single linear
restriction, e.g. β1 = 0 or β1 = β2.

However, we may want to jointly test multiple hypotheses about our
parameters.

A typical example is testing exclusion restrictions, i.e. we want to know
if a group of parameters are all equal to zero.
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Testing exclusion restrictions

• The null hypothesis might be something like
H0 : βk−q−1 = 0, ...,βk = 0.

• The alternative: H1 : H0 is not true.

• Cannot just check each t-statistic separately, because we want to
know if the q-parameters are jointly significant at a given level. It
is possible for none to be individually significant at that level.

• To do the test, we need to estimate the restricted model without
xk−q−1, ...,xk included, and the unrestricted model with all x
included.

• Intuitively, we want to know if the change in SSR is big enough to
warrant the inclusion of xk−q−1, ...,xk

F =
(SSRr −SSRur )/q
SSRur/(n− k−1)

(9)
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The F-statistic

• The F -statistic is always positive, since the SSR from the
restricted model cannot be less than the SSR from the
unrestricted.

• Essentially the F -statistic is measuring the relative increase in
SSR when moving from the unrestricted to the restricted model.

• q = number of restrictions, or dfr −dfur

• n− k−1 = dfur

• To decide if the increase in SSR when we move from the
restricted model, is big enough to reject the exclusions, we need
to know about the sampling distribution of the F -statistic.

• Not surprisingly, F ∼ Fq,n−k−1, where q is referred to as the
numerator degrees of freedom and n− k−1 as the denominator
degrees of freedom.

Introduction to Quantitative Methods for Development Renate Hartwig, PhD



The F-statistic (cont.)
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Overall significance

• A special case of exclusion restrictions is to test
H0 : β1 = β2 = ...= βk = 0

• Since the R2 from a model with only an intercept will be zero, the
F -statistic is simply

F =
R2/k

(1−R2)/(n− k−1)
(10)
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Summary: F -statistic

• Just as with the t-statistic, p-values can be calculated by looking
up the percentile in the appropriate F -distribution.

• Often in the economics literature the F -test is also known as the
Wald-test.
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Review questions

1 Which of the following can cause the usual OLS t-statistic to be
invalid (that is, not to have t-distributions under H0)?

(a) Heteroskedasticity.
(b) Omitting an important variable.
(c) A sample correlation coefficient of 0.95 between two independent

variables included in the model.
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Review questions (cont.)

2 Consider an equation to explain child height (in cm) in terms of
household income, mother education, the number of illness
episodes since birth and if the child has been breast fed.

(a) Write down the regression function to be estimated.
(b) In terms of model parameters, state the null hypothesis that, after

controlling for income, illness and breastfeeding, mother education
has no effect on height. State the alternative that better education
increases child height.

(c) Test the null that education has no effect on height, against the
alternative that education has a positive effect. The estimated
parameter is 2.80, the standard error 0.35. Carry out the test at
the 10% significance level.

(d) Would you include education in the final model? Explain.
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Multiple Regression Analysis:
Asymptotic Properties
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Consistency

• Under the Gauss-Markov assumptions, OLS is BLUE, but in other
cases it won’t always be possible to find unbiased estimators.

• In those cases, we may settle for estimators that are consistent.

• Consistent means that as n→ ∞, the distribution of the estimator
collapses to the parameter value.

• Mathematically, a statistic θ̂n is said to be a consistent estimator
of θ if:

plim(θ̂n) = θ
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Sampling distributions as n increases
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A weaker assumption

• For unbiasedness, we assumed a zero conditional mean, i.e.
E(u|x1,x2, ...,xk ) = 0

• For consistency, the weaker assumption of zero mean and zero
correlation is sufficient, i.e.
E(u) = 0 and Cov(xj ,u) = 0 for j = 1,2, ...,k

• Without this assumption, OLS can be biased and inconsistent.
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Deriving inconsistency

• Just as we could derive the omitted variable bias earlier, now we
want to think about the inconsistency. We also call it the
asymptotic bias.

True model: y = β0 + β1x1 + β2x2 + v
You may think: y = β0 + β1x1 + u

So, u = β2x2 + v

plimβ̃1 = β1 + β2δ

where δ = Cov(x1,x2)
Var(x1)
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Asymptotic bias

• Often thinking about the direction of the (asymptotic) bias is just
like thinking about the direction of bias for omitted variables.

• The main difference is that the asymptotic bias uses the
population variance and covariance, whereas the omitted variable
bias uses the sample counterparts.

• Remember, inconsistency is a large sample problem - it doesn’t
go away as we add data.
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Asymptotic bias: An example

We are interested in housing prices. x1 is distance to the new football
stadium, x2 is the quality of the house. Assume football stadiums
depress housing prices, so β1 should be ... By definition β2 is positive.
If football stadiums are on average built farther away from home, then
distance and quality are positively correlated. So, what does this imply
for β1?

Recall:

Corr(x1,x2) > 0 Corr(x1,x2) < 0

β2 > 0 Positive bias Negative bias
β2 < 0 Negative bias Positive bias
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Large sample inference

• Recall that under the CLM assumptions, the sampling
distributions are normal, so we could derive t and F distributions
for testing.

• This exact normality was due to assuming the population error
distribution was normal.

• This assumption of normal errors implied that the distribution of y
given the xes was normal as well.

• Easy to come up with examples for which this exact normality will
fail.
Question: Which ones can you think of?

• Any clearly skewed variable, like wages, arrests, savings, etc.
can’t be normal, since a normal distribution is symmetric.

• However, the normality assumption is not needed to conclude
OLS is BLUE, only for inference.
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Law of Large Numbers and Central Limit Theorem (CLT)

Recall the Law of Large Numbers:
Sample moments are consistent estimates for the population
moments, e.g. if the sample size is large enough the sample mean will
be converge to the true mean of the population

• Based on the CLT we can show that the OLS estimators are
asymptotically normal.

• The CLT states that the standardized average of a random
sample drawn from ‘any’ population with a mean µ and variance
σ2 is asymptotically normal, or

Z =
Ȳ −µy

σ√
n

∼ N(0,1) (1)
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Asymptotic Normality

Under the Gauss-Markov assumptions we get

1
√

n(β̂j −βj)∼ Normal(0, σ2

a2
j
), where a2

j = plim(n−1
∑ r̂2

ij ) and r̂ij

is residual i from regression xj on the other xk including the
intercept.

2 σ̂2 is a consistent estimator of σ2.

3
(β̂j−βj)

se(β̂j)
∼ N(0,1)

Because the t-distribution approaches the normal distribution for

large df, we can also say (β̂j−βj)

se(β̂j)
∼ tn−k−1

Note: while we no longer need to assume normality with a large
sample, we still assume homoscedasticity.
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Asymptotic Standard Errors

• If u is not normally distributed, we sometimes will refer to the
standard error as an asymptotic standard error, since

Var(β̂j) =
σ̂2

SSTj(1−R2
j )

(2)

se(β̂j)≈
cj√

n
(3)

• So, we can expect standard errors to shrink at a rate proportional
to the inverse of

√
n (so called ‘rate of convergence’)
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Asymptotic efficiency

• Estimators besides OLS will be consistent.

• However, under the Gauss-Markov assumptions, the OLS
estimators will have the smallest asymptotic variances.

• We say that OLS is asymptotically efficient.

• Important to remember our assumptions though
e.g. if not homoskedastic, not necessarily BLUE.

• Violations of other assumptions can be even worse, and will be
discussed later.
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Review questions

1 What is the difference between unbiasedness and consistency?
Explain

2 The sampling distribution of the mean becomes approximately
normally distributed only when which of the following conditions is
met?

(a) A single random sample is drawn from the population
(b) The population is normally distributed
(c) The sample size is large
(d) The standard deviation of the population is large
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Multiple Regression Analysis:
Further Issues

Introduction to Quantitative Methods for Development Renate Hartwig, PhD



Redefining variables

• Changing the scale of the y variable will lead to a corresponding
change in the scale of the coefficients and standard errors.

⇒ The significance and interpretation will not change.

• Changing the scale of one x variable will lead to a change in the
scale of that coefficient and standard error.

⇒ The significance and interpretation will not change.
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Redefining variables: Example

Think of your Malawi dataset. You want to investigate the health status
of the children in your dataset. There are many studies that use height
(in meters) as a proxy for health assuming that healthier children are
taller. You are interested if differences in the health status of the
children can be explained by wealth proxied by monthly income (in
USD). In your regression you also control for the age of the child (in
yrs). The regression result that you get is as follows:

ˆheight = 0.497 + 0.00001income + 0.157age
(0.034) (0.000000) (0.078)

Questions:

• How do you interpret the results?

• Instead of measuring height in meters you want to measure it in
cm. How does that change your regression results?
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Standardized coefficients

• Occasional you will see reference to a ‘standardized coefficient’
which has a specific meaning.

• The idea is to replace each y and x variable with a standardized
version.

• To standardize we subtract the mean and divide by the standard
deviation.
(Note: The result is called a z-score. Examples that you will come
across are height-for-age z-scores (HAZ), weight-for-height
z-scores (WHZ) etc.)

• Coefficients reflect a change in standard deviation of y for a one
standard deviation change in x .
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Standardized coefficients: Example

Given the high level of air pollution in London we might wonder if it
influences housing prices. The population model we are estimating is:

price = β0 + β1nox + β2crime + β3rooms + u

While we can estimate the model in level terms we could also estimate
it converting each variable into a z-score. That gives us:

ˆzprice =−0.34znox−0.143zcrime + 0.514zrooms
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Functional forms

• So far, we only looked at a strictly linear relationship between y
and x .

• But, OLS can also be used for relationships that are not strictly
linear in x and y by using non-linear functions of x and y .

• Remember, the model will still be linear in parameters
(Remember the Gauss-Markov assumptions).

• Examples:
• Natural log of x , y or both
• Quardatic form of x
• Use interactions of xes
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Log models: Types and interpretation

Model Dep. Ind. Example Interpretation of β1

Level-level y x y = β0 + β1x + u Change in y as x changes by 1 unit
Level-log y ln(x) y = β0 + β1ln(x) + u Change in y for a 100% change in x
Log-level ln(y) x ln(y) = β0 + β1x + u % change in y given a one unit change in x
Log-log ln(y) ln(x) ln(y) = β0 + β1ln(x) + u Elasticity of y with respect to x
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Why use log models?

• Log models are invariant to the scale of the variables since they
measure percentage changes.

• They give a direct estimate of elasticity.

• For models with y > 0, the conditional distribution is often
heteroskedastic or skewed, while for ln(y) this is much less so.

• The distribution of ln(y) is more narrow, limiting the effect of
outliers.
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A few rules of thumb using log vs. level

Types of variables that are often used in log form:

• Very large variables such as population figures

• Monetary values which must be positive (e.g. Dollar amounts)

Types of variables that are often used in level form:

• Variables that are measured in year

• Variables that are a proportion or percent
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Quadratic models

• Quadratic models are of the following functional form:
y = β0 + β1x + β2x2 + u

• We cannot interpret β1 alone as measuring the change in y with
respect to x , we need to take into account β2 as well.

• Interpretation: ∆ŷ
∆x = β̂1 + 2β̂2x

Example:
ˆwage = 3.73 + 0.298exper −0.0061exper2

(0.35) (0.041) (0.0009)

What is the effect of experience on wage?
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Quadratic models (cont.)

Suppose that the coefficient on x is positive and the coefficient on x2

is negative.
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Quadratic models (cont.)

Suppose that the coefficient on x is positive and the coefficient on x2

is negative.

• This means y is increasing in x first but will eventually turn and be
decreasing in x .

• Turning point: x∗ = | β̂1

2β̂2
|
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Quadratic models (cont.)

Suppose that the coefficient on x is negative and the coefficient on x2

is positive.

• This means y is decreasing in x first but will eventually turn and
be increasing in x .

• Turning point: same as before.

Question: What would that look like graphically?
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Quadratic models (cont.)
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Interaction terms

• Functional from:
y = β0 + β1x1 + β2x2 + β3x1x2 + u

• We cannot interpret β1 alone as measuring the change in y with
respect to x1 we need to take into account β3 as well.

• Interpretation: ∆ŷ
∆x1

= β1 + β3x2

• To summarize the effect of x1 on y we typically evaluate it at x̄2.
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Adjusted R-squared

• Recall that the R2 will always increase as more variables are
added to the model.

• The adjusted R2 takes into account the number of variables in the
model, and may decrease.

adj−R2 = 1− [SSR/(n− k−1)]

[SST/(n−1)]
(1)

• The adjusted R2 is just (1−R2)(n−1)/(n− k−1).

• Stata will give you both R2 and adjusted R2.

• You can compare the fit of 2 models (with the same y ) using the
adjusted R2.

• But, you cannot use it to compare models with different ys (e.g. y
vs. ln(y)).
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A few remarks on the Goodness-of-fit

• Despite all, it is important not to fixate too much on the adjusted
R2 and lose sight of theory and common sense.

• If economic theory clearly predicts a variable belongs, generally
leave it in.

• In contrast, you do not want to include a variable that prohibits a
sensible interpretation of the variable of interest.
Example?
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Residual analysis

Information can be obtained from looking at residuals (i.e. predicted
vs. observed values).

Example: Regress the price of cars on car characteristics. If the
residuals are big it that good or bad?
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Review questions

1 The following model allows the returns to education to depend
upon the total amount of both parents’ education called par . The
estimated equation is:

log( ˆwage) = 5.65 + 0.47edu + 0.00078educ ∗par + 0.19exper
(0.13) (0.01) (0.00021) (0.004)

n = 722, R2 = 0.169

How do you interpret the results?
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Multiple Regression Analysis:
Dummy Variables
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Dummy variable

• A dummy variable is a variable that takes on values 1 or 0.

• Examples:
male (=1 if male, 0 otherwise)
south (=1 if south, 0 otherwise)

• Dummy variables are also called binary variables, for obvious
reasons.
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Remember...
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A dummy independent variable

Consider a simple model with one continuous variable (x) and one
dummy (d).

y = β0 +δ0d +β1x +u

• This can be interpreted as an intercept shift.

• If d = 0, then y = β0 +β1x +u

• If d = 1, then y = (β0 +δ0)+β1x +u

• d = 0 is the reference group.
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Graphically: δ0 > 0
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Dummies for multiple categories

• We can use dummy variables to control for something with
multiple categories.

• Suppose, in your data people are categorized into one of three
groups:

• Those with no education,
• those which have primary education, and
• those that have secondary or higher education.

• To compare those with primary and secondary education to those
without education, we have to include two dummy variables

• prime = 1 if primary education and 0 otherwise
• second = 1 if secondary education and 0 otherwise

Introduction to Quantitative Methods for Development Renate Hartwig, PhD



Dummies for multiple categories (cont.)

• Any categorical variable can be turned into a set of dummy
variables.

• Because the reference group is represented by the intercept, if
there are n categories there should be n−1 dummies.

• If there are a lot of categories, it may make sense to group them
together, e.g. rankings 0-10, 11-25, etc.
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Interactions among dummies

• Interacting dummy variables is like subdividing the group.

• In our case, we have gender and education i.e. we have dummies
for male, as well as, for the education level (primary, secondary or
higher).

• For analysis we add male ∗prime and male ∗ second , for a total
of 5 dummy variables.
⇒We have 6 categories.

• Our reference category are uneducated women.

• prime is for women with primary education.

• second is for women with secondary education.

• the interaction terms male ∗prime and male ∗ second reflect men
with primary and secondary education respectively.
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Interactions among dummies (cont.)

Formally, the model is

y = β0 +δ1male+δ2prime+δ3second

+δ4male ∗prime+δ5male ∗ second +β1x +u
(1)

If male = 0 and prime = 0 and second = 0, then

y = β0 +β1x +u (2)

If male = 0 and prime = 1 and second = 0, then

y = β0 +δ2prime+β1x +u (3)

If male = 1 and prime = 0 and second = 1, then

y = β0 +δ1male+δ3second +δ5male ∗ second +β1x +u (4)
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Other interactions with dummies

• We can also consider interacting a dummy variable, d , with a
continuous variable, x , i.e,

y = β0 +δ0d +β1x +δ1d ∗ x +u (5)

• If d = 0, then y = β0 +β1x +u

• If d = 1, then y = (β0 +δ0)+(β1 +δ1)x +u

• This is interpreted as a change in slope.
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Graphically: δ0 > 0 and δ1 < 0
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Interpretation: Example

We have estimate the following model:

ˆwage = 7.10−2.51female
(0.21) (0.30)

Alternatively, we also estimated this:

ˆwage =−1.37−1.2female+0.572educ+0.025exper
(0.72) (0.80) (0.049) (0.012)

• What does the model estimate/aim to achieve?

• How do you interpret the coefficients?

• How would the interpretation change if the dependent variable
was measured in logs?
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Watch out

Don’t step into the dummy variable trap!
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Testing for differences across groups

• Testing whether a regression function is different for one group
versus another can be thought of as simply testing for the joint
significance of the dummy and its interactions with all other x
variables.

• So, you can estimate the model with all the interactions and
without and form an F -statistic, but this could be unwieldy.
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The Chow test

• Turns out that you can compute the ‘proper’ F -statistic without
running the unrestricted model with interactions with all k
continuous variables.

• Run the restricted model for group 1 and get SSR1, then for
group 2 to get SSR2.

• Run the restricted model for all to get SSR, then

F =
SSR− (SSR1 +SSR2)

SSR1 +SSR2
∗ n−2(k +1)

k +1
(6)

• The Chow test is really just a simple F -test for exclusion
restrictions, but we have realized that SSRur = SSR1 +SSR2
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The Chow test (cont.)

• Note, we have k +1 restrictions (each of the slope coefficients
and the intercept)

• Note, the unrestricted model would estimate 2 different intercepts
and 2 different slope coefficients, so the df is n−2k−2
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Linear probability model

• When we run an OLS when the dependent variable (y ) is a binary
variable, we call this a linear probability model.

• Here, we interpret the β-coefficients as changes in the probability
or likelihood as x changes.

• The problem here is that our predicted values of y can be outside
[0,1].

• We will see logit and probit models later which restrict the range
to [0,1].

• For now, it is a good place to start when our dependent variable is
binary.
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Programme evaluation and some caveats

• A typical use of a dummy variable is when we are looking for a
programme effect.

• For example, we may have individuals that received bed nets, a
sanitation programme, a training programme, etc.

• We need to remember that many times individuals choose
whether to participate in a programme or not, which may lead to a
self-selection problem.

This is something you will look into in more detail in the
advanced course.
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...But spoiler alert, sneak peak...

• If we can control for everything that is correlated with both
participation and the outcome of interest then it is not a problem.

• Often, though, there are unobservables that are correlated with
participation.

• In this case, the estimate of the programme effect is biased, and
we do not want to set policies based on it... (or well,...)
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Review questions

1 Suppose you collected data from youth working in the informal
sector in Laos (Nigeria). Your survey asks information on wages,
education, experience, and gender. In addition, you ask for
information about marijuana usage. The original question is: ‘On
how many separate occasions last month did you smoke
marijuana?’

(a) Write an equation that would allow you to estimate the effects of
marijuana usage on wage, while controlling for other factors. You
should be able to make statements such as, ‘smoking marijuana
five more times per month is estimated to change wage by x%.’

(b) Write a model that would allow you to test whether drug usage
has different effects on wages for men and women. How would
you test that there are no differences in the effects of drug usage
for men and women?
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Review questions (cont.)

(c) Suppose you think it is better to measure marijuana usage by
putting people into one of four categories: non-user, light user (1
to 5 times per month), moderate user (6 to 10 times per month),
and heavy user (more than 10 times per month). Now, write a
model that allows you to estimate the effects of marijuana usage
on wage.

(d) Using the model in part (c), explain in detail how to test the null
hypothesis that marijuana usage has no effect on wage. Be very
specific and include a careful listing of the degrees of freedom.

(e) What are some potential problems with drawing causal inference
using the survey data that you collected?
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I hope you do not feel like this...

Remember, it’s half-time! You are almost there...
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Review questions

1 The following model allows the returns to education to depend
upon the total amount of both parents’ education called par . The
estimated equation is:

log( ˆwage) = 5.65 + 0.47edu + 0.00078educ ∗par + 0.19exper
(0.13) (0.01) (0.00021) (0.004)

n = 722, R2 = 0.169

How do you interpret the results?
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What you should know by now

1 What is OLS and what are the underlying assumptions?

2 What happens when the assumptions break down and what are
potential remedies?

3 How to calculate and interpret estimates.

4 How to do hypothesis testing.

5 How to account for different functional forms of the relationship
between your outcomes and covariates and what this implies.

6 When and how to use dummy variables.
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Multiple Regression Analysis:
Heteroskedasticity
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What is heteroskedasticity?

• Recall the assumption of homoskedasticity implied that
conditional on the explanatory variables, the variance of the
unobserved error, u, was constant.

• If this is not true, that is if the variance of u is different for different
values of the xes, then the errors are heteroskedastic.

• Example:
Low income families will spend little on vacations and the
variation in holiday expenditures across these families will be
small. In families with large incomes, the amount of discretionary
income will be higher. The mean amount spent on vacations will
be higher, and there will also be greater variability among such
families, resulting in heteroskedasticity.
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Graphically
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When might heteroskedasticity occur?

• When the errors increase in either direction or in the extremes.

• Measurement error can cause heteroskedasticity, e.g. when
some respondents provided more accurate responses than
others.

• Heteroskedasticity can also occur if there are sub-population
differences or other interaction effects (e.g. the effect of income
on expenditures differs by ethnicity).

• Model misspecification can produce heteroskedasticity, i.e.

• instead of using y , you should be using the log of y ;
• instead of using x ,you should be using x2 or both; and
• important variables may be omitted from the model.

⇒ If the model were correctly specified, you might find that the
patterns of heteroskedasticity disappear.
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So, what does heterokedasticity look like?
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Why bother about heteroskedasticity?

The OLS is still unbiased and consistent, even if we do not assume
homoskedasticity.

But,...

• It is no longer BLUE. It is only LUE as it does not provide the
estimate with the smallest variance anymore.
⇒ OLS is no longer optimal.
Why?

• The standard errors of the estimates are biased if we have
heteroskedasticity.

• If the standard errors are biased, we can not use the usual t-
statistics or F -statistics for drawing inferences.
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Variance with heteroskedasticity

In the simple case

β̂1 = β1 +
∑(xi − x̄)ui

∑(xi − x̄)2 ⇒ Var(β̂1) =
∑(xi − x̄)2σ2

i

(∑(xi − x̄)2)2 (1)

For the general multiple regression model, a valid estimator of Var(β̂j)
with heteroskedasticity is

Var(β̂j) =
∑ r̂2

ij û2
i

SSR2
j

(2)

Though û2
i is not a consistent estimator of σ2

j , where rij is the i th
residual from regressing xj on all other independent variables, and
SSRj is the sum of squared residuals from this regression.
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Detecting heteroscedasticity

1 Visual inspection:
• Plot the residuals against the fitted values.

In Stata use the commands rvfplot or rvpplot.

2 Test:
• Breusch-Pagan test
• White test

Introduction to Quantitative Methods for Development Renate Hartwig, PhD



Testing for heteroskedasticity

Essentially we want to test

H0 : Var(u|x1,x2, ...,xk ) = σ2, which is equivalent to

H0 : E(u2|x1,x2, ...,xk ) = E(u2) = σ2

• If we assume the relationship between u2 and xj will be linear, we
can test this as linear restriction.

• So, for u2 = δ0 + δ1x1 + ...+ δk xk + v this means testing

H0 : δ1 = δ2 = ... = δk = 0

In the following we will look at three test procedures which follow this
basic idea.
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The Breusch-Pagan test

• We do not observe the error, but we can estimate it with the
residuals from the OLS regression.

• After regressing the residuals squared on all of the xes, we can
use the R2 to form an F -test

• The F -statistic is just the reported F -statistic for overall
significance of the regression,

F =
R2/k

(1−R2)/(n− k−1)
(3)

which is distributed Fk ,n−k−1
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The Breusch-Pagan test: Example

reg income educ jobexp

RobustSE

WLS
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The Breusch-Pagan test: Example (cont.)

estat hettest
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The White test

• The Breusch-Pagan test will detect any linear forms of
heteroskedasticity.

• The White test allows for non-linearities by using squares and
crossproducts of all the xes.

• We are still just using an F to test whether all the xj , x2
j , and xjxh

are jointly significant.

• This can get to be unwieldy pretty quickly.
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The White test: Example

estat imtest, white
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Alternate form of the White test

• Consider that the fitted values from OLS, ŷ , are a function of all
the xes.

• Thus, ŷ2 will be a function of the squares and crossproducts and
ŷ and ŷ2 can proxy for all of the xj , x2

j , and xjxh.

• So, we can regress the residuals squared on ŷ and ŷ2 and use
the R2 to form an F -statistic.

• Note, we are only testing for 2 restrictions now.
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Alternate form of the White test: Example

reg logwage female educ exper expsq
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Dealing with heteroscedasticity

1 Respecify the model/transform the variables

2 Use robust standard errors

3 Use Weighted Least Squares
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Robust standard errors

• If we have consistent estimates of the variance, the square root
can be used as a standard error for inference.

• Need estimates robust against heteroskedasticity.

• Sometimes the estimated variance is corrected for degrees of
freedom by multiplying by n

n−k−1 but as n→ ∞ it is all the same.

• It is important to remember that these robust standard errors only
have asymptotic justification - with small sample sizes the
t-statistic formed with robust standard errors will not have a
distribution close to the t and inferences will not be correct.

• In Stata, robust standard errors are easily obtained using the
robust option of reg, i.e.
reg y x, robust
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Robust standard errors: Example

reg income educ jobexp, robust

Regression
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Weighted Least Squares

• While it is always possible to estimate robust standard errors for
OLS estimates, if we know something about the specific form of
the heteroskedasticity, we can obtain more efficient estimates
than OLS.

• The basic idea is going to be to transform the model into one that
has homoskedastic errors called Weighted Least Squares
(WLS).
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Weighted Least Squares (cont.)

• WLS is great if we know what Var(ui |xi) looks like.

• In most cases, however, we will not know the form of
heteroskedasticity.

• Example where we do is if data is aggregated, but model is
individual level. e.g. no of employees per firm.

• Want to weight each aggregate observation by the inverse of the
number of individuals.

Introduction to Quantitative Methods for Development Renate Hartwig, PhD



Weighted Least Squares: Example

gen inveduc=1/educ

reg income educ jobexp [aw=inveduc]

Regression
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WLS wrap-up

• When doing F -tests with WLS, form the weights from the
unrestricted model and use those weights to do WLS on the
restricted model as well as the unrestricted model.

• Remember we are using WLS just for efficiency OLS is still
unbiased & consistent.

• Estimates will still be different due to sampling error, but if they
are very different then it is likely that some other Gauss-Markov
assumption is false.
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Review questions

1 State with brief reason whether the following statements are true,
false, or uncertain:

(a) In the presence of heteroskedasticity OLS estimators are biased
as well as inefficient.

(b) If heteroskedasticity is present, the conventional t and F -tests are
invalid.

(c) In the presence of heteroskedasticity the usual OLS method
always overestimates the standard errors of estimators.

(d) If residuals estimated from an OLS regression exhibit a systematic
pattern, it means heteroscedasticity is present in the data.

(e) If a regression model is mis-specified (e.g. an important variable
is omitted), the OLS residuals will show a distinct pattern.

(f) If a regressor that has non-constant variance is (incorrectly)
omitted from the model, the (OLS) residuals will be
heteroskedastic.
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Review questions (cont.)

2 Sex-selective abortion is a concern in India. In trying to
understand what drives sex-selective abortion you begin your
analysis by looking at the factors that determine the abortion
rates across the 29 states of India. The variables that you used in
your analysis are as follows:

• State = name of the state
• ABR = abortion rate per thousand women aged 15-44 in 2012
• Rel = percent of the population that is Hindu
• P = average price charged in non-hospital facilities for abortion in

USD
• Law = takes value 1 if state enforces a law to restrict abortion
• Educ = percent of state population 25 and older with a high school

degree
• Inc = disposable per capita income in USD, 2012

(a) Do you think heteroskedasticity is a concern in your analysis?
Explain.
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Review questions (cont.)

You run two models, the normal OLS and one with robust standard
errors (Note: normal standard errors in parenthesis, robust standard
errors in square brackets).

ˆABR = 14.28 + 0.02Rel−0.04P−0.87Law−0.028Educ + 0.002Inc
(15.07) (0.08) (0.02) (2.37) (0.19) (0.0004)
[14.90] [0.08] [0.02] [1.79] [0.17] [0.0005]

(b) Interpret your results.

(c) Which model do you prefer and why?
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Multiple Regression Analysis:
Time Series
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What is time series data?

• Cross-section data is data collected for multiple entities at one
point in time.

• Panel data is data collected for multiple entities at multiple points
in time.

• Time series data is data collected for a single entity at multiple
points in time. E.g.

• Yearly GDP of Chile over the last 20 years.
• Daily exchange rate CLP/EUR.
• Quarterly data on inflation and unemployment in Chile from 1957

to 2005.
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What is time series data? (cont.)

Quarterly time series data on inflation in Chile from 1957 to 2005
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What is time series data (cont.)

Quarterly time series data on unemployment in Chile from 1957 to
2005
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What is time series data (cont.)

Quarterly data on inflation and unemployment in Chile 1957-2005

In Stata: tsset time
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What is time series data? (cont.)

Unlike cross-section data, time series data has a temporal ordering.

⇒ For estimation, we need to alter some of our assumptions to take
into account that we no longer have a random sample of individuals.
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What do we use time series data for?

Time series regression models can be used for:

• Forecasting;

• Estimating (dynamic) causal effects.
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Some notation

• A particular observation yt is indexed by the subscript t .

• yt is the value of the current period; the value of previous periods
is yt−1 → we also call this the first lag.

• In general yt−j is called the j th lag and similarly yt+j is the j th
future value.

• The first difference yt − yt−1 is the change in y from period t−1
to period t .

• The basic (static) regression relates variables from the same time
period e.g.

yt = β0 + β1zt + ut (1)

• Finite distributed lag models allow one or more variables to affect
y with a lag:

yt = α0 + δ0zt + δ1zt−1 + δ2zt−2 + ut (2)
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Estimating causal effects vs. forecasting

• Time series data is often used for forecasting

• For example, next year’s economic growth is forecasted based on
past and current values of growth & other (lagged) explanatory
variables.

• Forecasting is quite different from estimating causal effects and is
generally based on different assumptions.

• Models that are used for forecasting need not have a causal
interpretation.

• OLS coefficients need not be unbiased & consistent.

• Measures of fit, such as the (adjusted) R2

• are not very informative when estimating causal effects.
• are informative about the quality of a forecasting model.
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Autocorrelation

In time series data yt is typically correlated with yt−1. This is called
autocorrelation or serial correlation.

Consequence:
Autocorrelation will not affect the unbiasedness or consistency of OLS
estimators, but it does affect their efficiency. With positive
autocorrelation, the OLS estimates of the standard errors will be
smaller than the true standard errors. This will lead to the conclusion
that the parameter estimates are more precise than they really are.

⇒We can use the Durbin-Watson test to test for autocorrelation.
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Autocorrelation: Example

Suppose, we have data on quarterly sales from the tailoring industry in
Burkina Faso for 5 years (isales), and we would like to use this
information to model sales for Tailor C.

reg csales isales

⇒ The critical d-statistic is 1.2. In this case, we reject the null
hypothesis of no serial correlation.
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Stationarity

• A time series yt is stationary if its probability distribution does not
change over time.

• Stationarity implies that y1 has the same distribution as yt for any
t = 1,2, ...

• In other words, y1,y2, ...,yt are identically distributed. However,
they are not necessarily independent.

• If a series is non-stationary, then conventional hypothesis tests,
confidence intervals and forecasts can be unreliable.
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Stationarity (cont.)
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First order autoregressive model: AR(1)

• Suppose we want to forecast the change in inflation from this
quarter to the next.

• When predicting the future of a time series a good place to start
is the immediate past.

• First order autoregressive model (AR(1)):

yt = β0 + β1yt−1 + ut

• The forecast next period is based on the AR(1) model:

ŷt+1 = β̂0 + β̂1yt

• The forecast error is the mistake made by the forecast

Forecast error = yt+1− ŷt+1

Question:
What is the difference between a forecast and a predicted value and
the forecast error and the residual?
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AR(1): Example

∆inflationt = β0 + β1∆inflationt−1 + ut

gen Dinflation=D1.inflation
reg Dinflation L1.Dinflation

In the 4th quarter in 2004 inflation increased by 1.7.

• Forecast how inflation will change in the next quarter.

In the 1st quarter 2005 it reduced by 1.14.

• How big is your forecasting error?
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AR(1): Example (cont.)

reg Dinflation L1.Dinflation L2.Dinflation L3.Dinflation
L4.Dinflation
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AR(1): Example (cont.)

Is the AR(4) model better than the AR(1) model?

How should we choose the lag length?

• One approach is to start with a model with many lags and to
perform a hypothesis test on the final lag.

• Delete the final lag if insignificant and perform an hypothesis test
on the new final lag,..., continue until all included lags are
significant.
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AR(1): Example (cont.)

• Drawback of this approach is that it can produce too large a
model.

• At a 5% significance level: if the true lag length is 5 it will estimate
p to be 6 in 5% of the time.

Alternative test: Akaike information criterion (AIC)
In Stata: estat ic
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Autoregressive distributed lag model (ADL)

• Economic theory often suggests other variables could help to
forecast the variable of interest.

• When we add other variables and their lags, we have an
autoregressive distributed lag model.

• Form?
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ADL: Example

When predicting future changes in inflation economic theory suggests
that lagged value of unemployment might be a good predictor
(Remember the Philips curve?).

reg Dinflation L1.Dinflation L2.Dinflation L1.unemployment
L2.unemployment
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Granger ‘causality’ test

• Do the included lags of unemployment have useful predictive
content conditional on the included lags of the change in inflation?

• The claim that a variable has no predictive content corresponds
to the null hypothesis that the coefficients on all lags of the
variable are zero.

• The F -statistic of this test is called the Granger causality
statistic.

• If the null hypothesis is rejected the variable x is said to
Granger-cause the dependent variable y .

• This does not mean that we have estimated the causal effect of x
on y !

• It means that x is a useful predictor of y (Granger predictability
would be a better term).
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Granger ‘causality’ test: Example

reg Dinflation L1.Dinflation L2.Dinflation L1.unemployment
L2.unemployment

• Null hypothesis that coefficients on the 2 lags of unemployment
are zero is rejected at a 1% level.

• Unemployment is a useful predictor for the change in the inflation
rate.
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Trends

• A time series yt is stationary if its probability distribution does not
change over time.

• If a time series has a trend, it is non-stationary.

• A trend is a persistent long-term movement of a variable over
time.

We consider two types of trends:

1 Deterministic trend: yt = β0 + λt + ut

• Series is a non-random function of time.

2 Stochastic trend: yt = β0 + yt−1 + ut

• Series is a random function of time. ⇒ random walk model
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Trends (cont.)
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Detecting stochastic trends: Dickey-Fuller test for unit root

Test for a unit root in Chilean inflation (Note: we test for stocastic trend
in inflation and not ∆inflation)

reg Dinflation L1.inflation

dfuller
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Dickey-Fuller test for unit root (cont.)

• Under H0, yt is non-stationary and the DF-statistic has a
non-normal distribution, we therefore use the following critical
values:

10% 5% 1%

Intercept only -2.57 -2.86 -3.43

• In our case the DF-statistic is −3.96.

• DF =−3.96 is more negative than −2.86, so we reject the null
hypothesis of a stochastic trend at a 5% significance level.
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Dickey-Fuller test for unit root (cont.)
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Dickey-Fuller test for unit root (cont.)

DF test for a unit root using 4 lags (AR(4)-model)

• In this case the DF-statistic is −2.69.

• So?

• DF =−2.69 is less negative than −2.86, so we do not reject the
null hypothesis of a stochastic trend at a 5% significance level.
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Dickey-Fuller test for unit root (cont.)
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Avoiding problems caused by stochastic trends

• Best way to deal with a trend is to transform the series such that it
does not have a trend.

• If a series, yt does have a trend, then the first difference does not
have a trend.

• That is why we started the lecture by looking at ∆inflation.
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Review questions

1 Decide if you agree or disagree with the following statements and
give a brief explanation of your decision:

(a) Like cross-sectional observations, we can assume that most time
series observations are independently distributed.

(b) A trending variable cannot be used as the dependent variable in
multiple regression analysis.

(c) Seasonality is an issue when using annual time series
observations.

2 Suppose you have quarterly data on new housings, interest rates,
and real per capita income in Brazil. Specify a model for housing
starts that accounts for possible trends and seasonality in the
variables.
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Multiple Regression Analysis:
Panel Data
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What is panel data?

• Often loosely use the term panel data to refer to any data set that
has both a cross-sectional dimension and a time-series
dimension.

• More precisely it is only data following the same cross-section
units over time.

• Otherwise it is a pooled cross-section.
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What is panel data? (cont.)
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Pooled cross section

• We may want to pool cross sections just to get bigger sample
sizes.

• We may want to pool cross sections to investigate the effect of
time.

• We may want to pool cross sections to investigate whether
relationships have changed over time.
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Pooled cross section (cont.)
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Difference-in-Difference (DID)

• Take a random assignment into treatment and control groups, like
in a medical experiment.

• One can simply compare the change in outcomes across the
treatment and control groups to estimate the treatment effect.

• If we have two time periods (1, 2) and two groups (A, B) the DID
is:

(y2,B− y2,A)− (y1,B− y1,A) = (y2,B− y1,B)− (y2,A− y1,A) (1)

• A regression framework using time and treatment dummy
variables can calculate this DID as well.

• Consider the model:

yit = β0 + β1treatit + β2afterit + β3treatit ∗afterit + uit (2)

• The estimated β3 will be the DID in group means.
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DID (cont.)

• When we do not have a truly random assignment the regression
form becomes useful.

• Additional xes can be added to the regression to control for
differences across the treatment and control groups.

• Sometimes referred to as a ‘natural’ experiment especially when
a policy change is being analysed.
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DID: Example

You are interested in analysing how house prices are affected by an
incinerator built in a 5 km vicinity. You have data collected in 1978
before the incinerator was built and in 1981 just after the incinerator
was inaugurated.

You are running the following regression:

• What do you conclude?

• Are you sure that is a ‘good’ conclusion?
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DID: Example (cont.)

Here is the relationship in 1978:

• What do you conclude, now?

• What is the DID estimate?
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DID: Example (cont.)

Here is the relationship in 1978:

• What do you conclude, now?

• What is the DID estimate?
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DID: Example (cont.)

Check:

• And, what do you observe?
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DID: Example (cont.)

Check:

• And, what do you observe?
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Two-period panel data

• It’s possible to use a panel just like pooled cross-sections, but
with a panel you do more than that.

• Panel data can be used to address some kinds of omitted
variable bias.

• If we can think of the omitted variables as being fixed over time,
then we can represent this in a model as a composite error.

Introduction to Quantitative Methods for Development Renate Hartwig, PhD



Two-period panel data

• It’s possible to use a panel just like pooled cross-sections, but
with a panel you do more than that.

• Panel data can be used to address some kinds of omitted
variable bias.

• If we can think of the omitted variables as being fixed over time,
then we can represent this in a model as a composite error.

Introduction to Quantitative Methods for Development Renate Hartwig, PhD



Unobserved fixed effects

• Suppose the population model is
yit = β0 + δ0d2t + β1xit1 + ...+ βk xitk + ai + uit

• Here, we have added a time-constant component of the error,
vit = ai + ui t

• if ai is correlated with the xes, OLS will be biased, since ai is part
of the error term.

• With panel data we can difference-out the unobserved fixed
effect.

• In this case we treat ai as an additional regressor.
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First differences

• We can subtract one period from the other, to obtain
∆yi = δ0 + β1∆xi1 + ...+ βk ∆xik + ∆ui

• This model has no correlation between the xes and the error
term, so no bias.

• Note: Need to be careful about the organisation of your data to
be sure to compute the correct change.
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Differencing with multiple periods

• We can extend this method to more periods.

• Simply difference adjacent periods.

• So if 3 periods, then subtract period 1 from period 2, period 2
from period 3 and have 2 observations per individual.

• Simply estimate by OLS, assuming the ∆ui are uncorrelated over
time.
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Fixed effects estimation

• When there is an observed fixed effect, an alternative to first
differences is fixed effects estimation.

• Consider the average over time of
yit = β1xit1 + ...+ βk xitk + ai + uit

• The average of ai will be ai , so if you subtract the mean, ai will be
differenced out just as when doing first differences.

• This method is identical to including a separate intercept or
dummy for every individual, which can become a bit tedious...

• ... and we have to be careful with the degrees of freedom...

• Luckily, Stata will do fixed effects estimation for you

⇒ Stata command: xtreg y x, fe
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First differences vs. fixed effects

• First differences and fixed effects will be exactly the same when
t = 2.

• For t > 2, the two methods are different.

• Probably, you will see fixed effects estimation more often than
differences - probably more because it it easier not better.

• Fixed effects can be used not only for balanced panels but can
also be easily implemented for unbalanced panels.
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Random effects

• Start with the same basic model with a composite error, i.e.
yit = β0 + δ0d2t + β1xit1 + ...+ βk xitk + ai + uit

• Previously, we have assumed that ai was correlated with the xes,
but what if it is not?

• OLS would be consistent is this case, but the composite error will
be serially correlated.

• Stata will estimate the random effects model for you.

⇒ Stata command: xtreg y x, re
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Fixed or random effects

• It is more common to use fixed effects, since one of the most
frequent issues is that something unobserved is correlated with
the xes.

• If truly need to use random effects, the only problem is the
standard errors.

• Can simply just adjust the standard errors for correlation within
group.
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Pooled OLS, fixed and random effects: Comparison

• Write down the regression function(s) underlying the estimations.

• How do you interpret the coefficients and what do you conclude?
Which model would do you prefer and why? Explain.
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Other uses of panel methods

• It’s possible to think of models where there is an unobserved
fixed effect, even if we do not have true panel data.

• A common example is where we think there is an unobserved
family effect.

• We can difference siblings (⇒ sibling fixed effects).

• We can also estimate family fixed effects models.
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Additional issues

• Many of the things we already know about both cross section and
time series data can be applied to panel data.

• Can test and correct for serial correlation in the errors. How?

• Can test and correct for heterodskedasticity. How?

• Can estimate standard errors robust to both. How?
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Review questions

1 Why can we not use first differences when we have independent
cross sections in two years (as opposed to panel data)?

2 Suppose that we want to estimate the effect of several variables
on annual saving and that we have a panel data set on
individuals collected on January 31, 1990, and January 31, 1992.
If we include a year dummy for 1992 and use first differencing,
can we also include age in the original model? Explain.

3 In order to determine the effect of doping on athletic performance
(focus on running for now), you collect data on participants of the
Golden League Meetings in 2010, 2012, and 2014.

a) What measures of athletic success would you include in an
equation? Are there some timing issues?
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Review questions (cont.)

b) What other measures might you control for in the equation?

c) Write down an equation that allows you to estimate the effect of
athletic success on the percentage change in substance use.
How would you estimate this equation? Why would you choose
this method.
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Identification:
Specification and Data Problems
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Recap: Functional form

• We have seen that a linear regression can fit non-linear
relationships:

• We can use logs on the right hand side, the left hand side or both.
• We can use quadratic forms of x .
• We can use interactions of x .

• How do we know if we’ve chosen the right functional from of the
model?

1 Economic theory should guide you.
2 Think about the interpretation:

• Does it make more sense for x to affect y in percentage (use logs)
or absolute terms?

• Does it make for sense for the derivative y(x1) to vary with x1
(quadratic) or with x2 (interactions) or to be fixed?
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Proxy variables

• What if the model is misspecified because no data is available on
an important x variable?

• It may be possible to avoid omitted variable bias by using a proxy
variable.

• A proxy variable must be related to the unobservable variable,
e.g. x∗3 = δ3x3 + v3, where ∗ implies unobserved.

• Now, suppose we just substitute x3 for x∗3 .

• What do we need for this solution to give us consistent estimates
of β1 and β2?

• E(x∗3 |x1,x2,x3) = E(x∗3 ) = δ0 +δ3x3

• That is u is uncorrelated with x1,x2 and x∗3 and v3 is uncorrelated
with x1,x2 and x3.
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Proxy variables (cont.)

• So what you would run is:
y = (β0 +β3δ0)+β1x1 +β2x2 +β3δ3x3 +(u+β3v3)

• So this redefines the intercept, error term and the coefficient on
x3 but β1 and β2 remain unaffected.

• Without these assumption you would have biased estimates.

• The direction of the bias will depend on the sign of β3 and δj .

• With the proxy, there may still be bias but it might be smaller than
omitted variable bias though.
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Lagged Dependent Variables

• What if there are unobserved variables, and you cannot find
reasonable proxies?

• It may be possible to include a lagged dependent variable to
account for omitted variables that contribute to both past and
current levels of y .

• Obviously, you must think past and current y are related for this to
make sense.
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Measurement error

• Sometimes we have the variable we want, but we think it is
measured with error.

• Examples: A survey asks how many hours you worked over the
last year, or how many weeks of child care you used when your
child was young.

• Measurement error in the dependent variable (y ), is different from
measurement error in the independent variable (x).

• Measurement error in y : The intercept (β0) will be biased.

• Measurement error in x :

• If there is no correlation between the error and the observed
variable (x1) then the OLS estimate will be unbiased but the
variances will be larger.

• If there is correlation between the error and the observed variable
(x1) then the OLS estimate will be biased.

Introduction to Quantitative Methods for Development Renate Hartwig, PhD



Measurement error

• Sometimes we have the variable we want, but we think it is
measured with error.

• Examples: A survey asks how many hours you worked over the
last year, or how many weeks of child care you used when your
child was young.

• Measurement error in the dependent variable (y ), is different from
measurement error in the independent variable (x).

• Measurement error in y : The intercept (β0) will be biased.

• Measurement error in x :

• If there is no correlation between the error and the observed
variable (x1) then the OLS estimate will be unbiased but the
variances will be larger.

• If there is correlation between the error and the observed variable
(x1) then the OLS estimate will be biased.

Introduction to Quantitative Methods for Development Renate Hartwig, PhD



Missing data: Is it a problem?

• If any observation has missing data on one of the variables in the
model, it can’t be used.

• If data is missing at random, using a sample restricted to
observations with no missing values will be fine.

• A problem can arise if the data is missing systematically - say
high income individuals refuse to provide income data.
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Non-random samples

• If the sample is chosen on the basis of an x variable (exclusively),
then estimates may be unbiased.

• But, if the sample is chosen on the basis of the y variable, then
we have sample selection bias.

• Sample selection can be more subtle. Say looking at wages for
workers - since people choose to work this isn’t the same as
wage offers.

Introduction to Quantitative Methods for Development Renate Hartwig, PhD



Outliers

• Sometimes an individual observation can be very different from
the others, and can have a large effect on the outcome.

• Distinguish outliers in y from those in x direction (here
multidimensional, problematic).

• Sometimes an outlier will occur due to errors in data entry - one
reason why looking at summary statistics is important.

• Sometimes the observation will just truly be very different.

• Not unreasonable to fix observations where it’s clear there was
just an extra zero entered or left off, etc.

• Not unreasonable to drop observations that appear to be
extreme.

• It depends on whether they are influential or not.

• Can use Stata to investigate outliers. (Remember how?)
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Review questions

1 The regression model includes a random error or disturbance
term for a variety of reasons. Which of the following is NOT one
of them?

a) Measurement errors in the observed variables
b) Omitted influences on Y (other than X)
c) Linear functional form is only an approximation
d) The observable variables do not exactly correspond with their

theoretical counterparts
e) There may be approximation errors in the calculation of the least

squares estimates
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Limited Dependent Variables
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Binary dependent variables

• Recall the linear probability model (LPM), which can be written as

P(y = 1|x) = β0 + xβ (1)

• A drawback of the linear probability model is that predicted values
are not constrained to be between 0 and 1.

• An alternative is to model the probability as a function,

G(β0 + xβ) (2)

with 0 < G(z)< 1.
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The probit model

• One choice for G(z) is the standard normal cumulative
distribution function (CDF).

• The CDF is a standard normal function.

• Since the model is non-linear, it cannot be estimated by using our
usual methods.
⇒We use maximum likelihood estimation (MLE).
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The logit model

• Another choice for G(z) is the logistic function, which is the CDF
for a standard logistic random variable.

• Both functions have similar shapes, they are increasing in z, most
quickly around 0.

• The logit model is sometimes also referred to as logistic
regression.
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Graphically: Probit and logit
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Probits and logits

• Both, the probit and logit are nonlinear and require maximum
likelihood estimation.

• There is no real reason to prefer one over the other.

• Traditionally we saw more of the logit, mainly because the logistic
function leads to a more easily computed model.

• Today, probit is easy to compute with standard packages, so
more popular.
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Interpretation of probits and logits (vs. the LPM)

• In general, we care about the effect of x on P(y = 1|x), that is,
we care about δp

δx .

• For the linear case, i.e. when using the LPM, this is easily
computed as the coefficient on x .

• For the non-linear probit and logit models, it’s more complicated:

δp
δxj

= g(β0 + xβ)βj (3)

• So, you cannot just compare the coefficients across the three
models.
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Interpretation of probits and logits (vs. the LPM) (cont.)

• You can compare the sign and significance of the coefficients,
though.

• To compare the magnitude of effects, you need to calculate the
derivatives, i.e. the marginal effects.

• Stata will do that for you.
Command: margins dydx
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Example

You study the factors influencing the purchase of health insurance.
The dependent variable is binary indicating whether the person has
health insurance or not. You estimate three different models with the
following results:

Regression Logit Probit
Have health insurance coefficient coefficient coefficient

Retired (=1) 0.04* 0.19* 0.11*
Age (yrs.) -0.002 -0.01 -0.008
Good health status (=1) 0.06* 0.31* 0.19*
HH income (USD) 0.0004* 0.002* 0.001*
Education (yrs.) 0.02* 0.11* 0.07*
Married (=1) 0.12* 0.57* 0.36*
Hispanic (=1) -0.12* -0.81* -0.46*
Constant 0.12 -1.71* -1.06*

R-squared 0.08 0.07 0.07
N 12,367 12,367 12,367
Note: * indicates significance at 5% level.

Question: How do you interpret the results?
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Example (cont.)

Question: How do you interpret the results?

Regression
Have health insurance coefficient ME (Logit) ME (Probit)

Retired (=1) 0.04* 0.04* 0.04*
Age (yrs.) -0.002 -0.003 -0.003
Good health status (=1) 0.06* 0.07* 0.06*
HH income (USD) 0.0004* 0.0005* 0.0004*
Education (yrs.) 0.02* 0.02* 0.02*
Married (=1) 0.12* 0.12* 0.12*
Hispanic (=1) -0.12* -0.16* -0.15*
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Example (cont.)
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Goodness-of-fit

• Unlike the LPM, where we can compute an R2 to judge the
goodness of fit, here we need new measures.

• One possibility is a pseudo-R2 based on the log likelihood.
The log likelihood is the equivalent to the explained sum of
squares in OLS (kinda...!).
It is defined as 1−Lur/Lr .

• An alternative is also to look at the percent of the predicted
values falling within the [0;1] interval.
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The tobit model

• We can also have limited dependent variable models that do not
involve binary dependent variables.

• If we have censored data, e.g. when the dependent variable
starts or includes many zeros, we often use tobit model.

• The tobit model also uses MLE. Hence, the same points apply
with respect to the interpretation of the coefficients.
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Review questions

1 In the probit model all of the following are lies except:. . .

(a) β0 cannot be negative since probabilities have to lie between 0
and 1.

(b) βj tells you the effect of a unit increase in xj on the probability that
y = 1.

(c) βj does not have a simple interpretation (i.e. cannot be interpreted
directly).

(d) beta0 is the probability of observing y when all the x variables are
0.
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Review questions (cont.)

You want to assess which factors influence school choice in India. The
data that you have at hand contains the following variables:

(a) Write down the model that you would estimate.

(b) How would you estimate the model?
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Review questions (cont.)

Running a probit model you get the following results:
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Review questions (cont.)

Running a probit model you get the following results:

(c) Interpret the results. What do you conclude?
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Summary

In this course you have seen:

• Different types of data and their characteristics

• Simple and multiple regression using OLS
• Assumptions and properties
• Coefficients and interpretation
• Judging adequacy of a model
• Sources of biases, implications and solutions
• Hypothesis testing
• Large sample characteristics
• Variable manipulation
• Incorporating different functional forms
• Dummy variables
• Heteroskedasticity (implications and remedies)
• Measurement Error
• Outliers
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Summary (cont.)

• Time series analysis

• Panel data analysis
• First differening, fixed and random effects
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• A binary variable is 
often called a 

a)dummy variable 
b)dependent variable 
c) residual 
d)power of a test 
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• The t-statistic is calculated by 
dividing 

a) the OLS estimator by its standard 
error. 

b) the slope by the standard deviation of 
the explanatory variable. 

c) the estimator minus its hypothesized 
value by the standard error of the 
estimator. 

d) the slope by 1.96.
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• If you wanted to test, using a 5% 
significance level, whether or not a 
specific slope coefficient is equal to 
one, then you should 

a) subtract 1 from the estimated coefficient, divide the 
difference by the standard error, and check if the 
resulting ratio is larger than 1.96. 

b) add and subtract 1.96 from the slope and check if 
that interval includes 1. 

c) see if the slope coefficient is between 0.95 and 
1.05. 

d) check if the adjusted R2 is close to 1. 
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• In the multiple regression 
model, the adjusted R2

a) cannot be negative. 
b) will never be greater than the 

regression R2. 
c) equals the square of the correlation 

coefficient r. 
d) cannot decrease when an additional 

explanatory variable is added. 
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• Using 143 observations, assume that you had 
estimated a simple regression function and that 
your estimate for the slope was 0.04, with a 
standard error of 0.01. You want to test whether or 
not the estimate is statistically significant. Which of 
the following decisions is the only correct one: 

a) you decide that the coefficient is small and hence 
most likely is zero in the population 

b) the slope is statistically significant since it is four 
standard errors away from zero 

c) the response of Y given a change in X must be 
economically important since it is statistically 
significant 

d) since the slope is very small, so must be the 
regression R2
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• What is the number of degrees 
of freedom for a simple bivariate 
linear regression with 20 
observations? 

a)20
b)22
c)18
d)2
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• In a simple linear regression 
model the slope coefficient 
measures

a) the elasticity of Y with respect to X
b) the change in Y which the model 

predicts for a unit change in X
c) the change in X which the model 

predicts for a unit change in Y
d) the value of Y for any given value of 

X
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• When testing joint hypothesis, you 
should 

a) use t-statistics for each hypothesis and reject the 
null hypothesis if all of the restrictions fail 

b) use the F-statistic and reject all the hypothesis if 
the statistic exceeds the critical value 

c) use t-statistics for each hypothesis and reject the 
null hypothesis once the statistic exceeds the 
critical value for a single hypothesis 

d) use the F-statistics and reject at least one of the 
hypothesis if the statistic exceeds the critical value 
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• The least squares estimator of the 
slope coefficient is unbiased means

a) the estimated slope coefficient will always be 
equal to the true parameter value

b) the estimated slope coefficient will get closer 
to the true parameter value as the size of the 
sample increases

c) the estimated slope coefficient will be equal to 
the true parameter if the sample is large

d) if repeated samples of the same size are 
taken, on average their value will be equal to 
the true parameter

11
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Lecture 2: Multiple Regression Analysis

• Which of the following can cause OLS estimators to be biased?
(a) Heteroskedasticity.
(b) Omitting an important variable.
(c) A sample correlation coefficient of 0.95 between two independent

variables included in the model.
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Lecture 3: Inference

• Which of the following can cause the usual OLS t-statistic to be
invalid (that is, not to have t-distributions under H0)?

(a) Heteroskedasticity.
(b) Omitting an important variable.
(c) A sample correlation coefficient of 0.95 between two independent

variables included in the model.
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Lecture 4: Asymptotic Properties

• What is the difference between unbiasedness and consistency?
Explain
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Lecture 5: Further Issues

• Clarification: In contrast, you do not want to include a variable
that prohibits a sensible interpretation of the variable of interest.
Example?

• The following model allows the returns to education to depend
upon the total amount of both parents’ education called par . The
estimated equation is:

log( ˆwage) = 5.65+0.47edu+0.00078educ ∗par +0.19exper
(0.13) (0.01) (0.00021) (0.004)

n = 722, R2 = 0.169

How do you interpret the results?
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Lecture 6: Dummy Variables

We have estimate the following model:

ˆwage =−1.37−1.2female+0.572educ+0.025exper
(0.72) (0.80) (0.049) (0.012)

How would the interpretation change if the dependent variable was
measured in logs?
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Lecture 6 (cont.)

1 Suppose you collected data from youth working in the informal
sector in Laos (Nigeria). Your survey asks information on wages,
education, experience, and gender. In addition, you ask for
information about marijuana usage. The original question is: ‘On
how many separate occasions last month did you smoke
marijuana?’

(a) Write an equation that would allow you to estimate the effects of
marijuana usage on wage, while controlling for other factors. You
should be able to make statements such as, ‘smoking marijuana
five more times per month is estimated to change wage by x%.’

(b) Write a model that would allow you to test whether drug usage
has different effects on wages for men and women. How would
you test that there are no differences in the effects of drug usage
for men and women?
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Lecture 6 (cont.)

(c) Suppose you think it is better to measure marijuana usage by
putting people into one of four categories: non-user, light user (1
to 5 times per month), moderate user (6 to 10 times per month),
and heavy user (more than 10 times per month). Now, write a
model that allows you to estimate the effects of marijuana usage
on wage.

(d) Using the model in part (c), explain in detail how to test the null
hypothesis that marijuana usage has no effect on wage. Be very
specific and include a careful listing of the degrees of freedom.

(e) What are some potential problems with drawing causal inference
using the survey data that you collected?
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Lecture 7: Heteroskedasticity

• State with brief reason whether the following statements are true,
false, or uncertain:

(a) In the presence of heteroskedasticity OLS estimators are biased
as well as inefficient.

(b) If heteroskedasticity is present, the conventional t and F -tests are
invalid.

(c) In the presence of heteroskedasticity the usual OLS method
always overestimates the standard errors of estimators.

(d) If residuals estimated from an OLS regression exhibit a systematic
pattern, it means heteroscedasticity is present in the data.

(e) If a regression model is mis-specified (e.g. an important variable
is omitted), the OLS residuals will show a distinct pattern.

(f) If a regressor that has non-constant variance is (incorrectly)
omitted from the model, the (OLS) residuals will be
heteroskedastic.
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Lecture 8: Time Series

• Clarification: What is the difference between a forecast and a
predicted value and the forecast error and the residual?

• Decide if you agree or disagree with the following statements and
give a brief explanation of your decision:

(a) Like cross-sectional observations, we can assume that most time
series observations are independently distributed.

(b) A trending variable cannot be used as the dependent variable in
multiple regression analysis.

(c) Seasonality is an issue when using annual time series
observations.

• Suppose you have quarterly data on new housings, interest rates,
and real per capita income in Brazil. Specify a model for housing
starts that accounts for possible trends and seasonality in the
variables.
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Lecture 9: Panel Data

• Suppose that we want to estimate the effect of several variables
on annual saving and that we have a panel data set on
individuals collected on January 31, 1990, and January 31, 1992.
If we include a year dummy for 1992 and use first differencing,
can we also include age in the original model? Explain.

• In order to determine the effect of doping on athletic performance
(focus on running for now), you collect data on participants of the
Golden League Meetings in 2010, 2012, and 2014.

a) What measures of athletic success would you include in an
equation? Are there some timing issues?

b) What other measures might you control for in the equation?
c) Write down an equation that allows you to estimate the effect of

athletic success on the percentage change in substance use. How
would you estimate this equation? Why would you choose this
method.
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Lecture 10: Specification & Data Problems

• The regression model includes a random error or disturbance
term for a variety of reasons. Which of the following is NOT one
of them?

a) Measurement errors in the observed variables
b) Omitted influences on Y (other than X)
c) Linear functional form is only an approximation
d) The observable variables do not exactly correspond with their

theoretical counterparts
e) There may be approximation errors in the calculation of the least

squares estimates
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Lecture 12: Limited Dependent Variables

You want to assess which factors influence school choice in India. The
data that you have at hand contains the following variables:

(a) Write down the model that you would estimate.

(b) How would you estimate the model?
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Lecture 12 (cont.)

Running a probit model you get the following results:
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Lecture 12 (cont.)

Running a probit model you get the following results:

(c) Interpret the results. What do you conclude?
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